
 

Note that aeA we have a BC A B
But siner A B B la B it follows
A B a B at A

Inparticular a az EA we have aia B B

ailaze H Stab B
Fix goEAT Then a fgo H at A

Now note that if beB then Hb CB
by definition of H

Conclusion follows

a Note that a b EAB is such
that a b x a x be An x B

So r x An x B

b ECA B a am bi.bz EAxAxB B
gA tb Grtbr

an an bribz AXA Bx B a az b be

Σ 01,92 fAxA c 92 x

A A n IB B bi bn B B bi bi



Σ An A Bn B
HA A 7 B B

a We want to construct an injective map
f a b AxB lab Xo B A B A B A

For e B A choose alx EA bexeBS.t.ba acx

We construct the map given by
f a b x bex at b alx

Note that if fla b x U V

then lex v X

Then we can recover a x and b x
Therefore choice of a b is unique

b Note that a b E A B lab Xo
An Xo B 1

Conclusion follows

c Note that if G abelian then A B B A
A BCG



Then IB A B AT 1 1 A B
B Al

Iii iii by definition ofRutsa distance
i i Applyprevious exercise with
B A 0 additive identity

Them IALE 1k
If IAA K IA then A A EK Al

ii i By Puzsa inequality
d A A d A A d A A

so log IA 2 leg Att
Conclusion follows

i iv This is Pleennecke
iv i trivial

V I IA A E IH HI K IHI
K Al

i v Take H A A



Apply Puzsa covering lemma to deduce

13A 2H K IA 7 X CA A I kk
H H 2A ZAC A At X

H X

So It is K approximategroup
a It suffice to show 1H HellhinHal

1H11 1H21
We constructbijection

f H HX t 7H Hi x Hz

For EH H2 choose be x EH he Ie H2
S f h x halt

Define f x h h x th h the x

Injective For U V E f X Hr x H n Hrs
we have a v X

Can recover hilt andhr x thus h
Surjective Let hi hr EH He
Let x hi her
Note that h he him helx

Let h hi hi x he h x E H n it



then f x h hi he

b Note that
exp ACH Hitte d H2 Hit Hr

epdut.hn
Since H Hr are subgroups

For second inequality

exp d H HinHz dlHr H 7H21

T.FIy enldlit Aa

using part a
a observe 1 A A 2A 2 21A

By Rutsa covering can finy XCG 1 122
5 f A ZAC A At X

So X 03 A ZAC A ADC



b Suffices toprove
2 A A 2A 2A CA A

But we have 2A ACA A Do

so 2A 2A At A 2A C At A A 700

A A A To
C A A 710 to A A

Note OEA A

If a a A A then x an a E A A


